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The Environment

Reality

- One almost never sees asymptotics

- One almost never reaches a solution but even 1%
improvement can be extremely valuable

- Because of their complexity, simulation is often required
- Because of simulation derivatives are often not available
- It is always better to obtain and use derivatives if you can.

- Simulated Annealing, Genetic Algorithms etc are usually for
the ignorant or the desperate or both.



Algorithmic Background

Some remarks:

@ the function can have many local minima,
@ the value of the function can include both noise and error
© the evaluation of the function can be expensive,

@ the domain of the function can be unknown.
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@ In fact it typically is a first (or second) order Taylor series
approximation.
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(and its derivatives).
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Standard Model in the differentiable case

@ Typical trust region or line search method builds linear or
quadratic model of the objective function f.

@ The model has to satisfy Taylor-like error bounds.
|F(x) = m(x)| < O(A%)

|VF( Vm(x)| < O(A?%)
|V2f(x) — V2m(x)| < O(A)

x) —
x) —

@ By reducing the trust region or step size one guarantees better
accuracy.
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Abstraction of required bounds for derivative free

e f € C! and Vf Lipschitz continuous on {x|f, < fo}.
@ A, bounded above.

@ A model is called:
Fully Linear on B(x, A) iff

[F(x) = m(x)| < kerA?

|VF(x) = Vm(x)| < kegA

for all x in B(x,A)

@ A Fully Linear model that is suitably minimized replaces the
Cauchy Point.



Algorithmic Background

Abstraction of required bounds

o f € C? and V2f Lipschitz continuous on {x|f < fo}.
e A, bounded above.

@ A model is called:
Fully Quadratic on B(x, A) iff

[F(x) = m(x)| < rer A
IVF(x) = Vm(x)| < kegA®
|V2f(x) — V2m(x)| < kepA
for all x in B(x,A)
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So what about the case without derivatives?

- Geometry matters

@ In derivative free methods we use sample based models; e.g.,
interpolation or regression or pattern-based methods.

@ The O in Taylor-like bounds depends not only on f, but also
on the geometry of the sample set.

@ We need to have some constant characterizing the quality of
the sample set(automatic in pattern-based methods) .

@ We need to control this constant to keep it uniformly
bounded.
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Basic Algorithm when derivatives available (unconstrained)

Initialize: xg, A
Compute Model: my( )
Compute Step: Compute s, from

min my(xx + s)
sll<A

Trust-region Update: p = %

If p>075 A< 2.0A Accept xi + sk
If0.25 < p <075 A<+ A Accept xx + sk

If p<0.25 A<+ 05A Xk + Sk
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Model decrease at the Cauchy point

Fundamental result:

() — mi(x) = gl min [‘gi”,m} ,

where
gk = Vxmp(xk), Bk =1 +X”éa§2 IV sxmg () |

xkc(t) ={x|x=xx —tg, t>0 and x € By} and xE = argmin mk(xE(t))

= Define

. k
myc(xk) — mi(xk + sk) > kl|gk|| min {Hik Ak}




Algorithmic Background

Trust-region Methods without derivatives

@ Use interpolation/regression models that mimic the Taylor
series expansions.

10



Algorithmic Background

Trust-region Methods without derivatives

@ Use interpolation/regression models that mimic the Taylor
series expansions.

@ Never reduce the trust region radius Ay if the sample set is
badly-poised (has bad geometry).

10



10

Algorithmic Background

Trust-region Methods without derivatives

@ Use interpolation/regression models that mimic the Taylor
series expansions.

@ Never reduce the trust region radius Ay if the sample set is
badly-poised (has bad geometry).

@ Incorporate a stationarity condition (first or second order)
when 'stationarity’ of the model is sufficiently small.

— lterative process with successive contractions of Ay.
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Trust-region Methods without derivatives

@ Use interpolation/regression models that mimic the Taylor
series expansions.

@ Never reduce the trust region radius Ay if the sample set is
badly-poised (has bad geometry).

@ Incorporate a stationarity condition (first or second order)
when 'stationarity’ of the model is sufficiently small.

— lterative process with successive contractions of Ay.

@ Converged when the radius is small enough.

10
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Grey-box MINLP

min S(x,y) + f(x,y)

Xy
subject to
Ppx,y)< 0
Ax+By < b

xe [xtxY]

ye {0,1}9,

e x € RP y € {0,1}9 are decision variables
@ S:R" — R is a black-box function.
o f:RPFY R and ¢ : RPT9 — R" are closed-form functions.
@ assumption: S (for relaxed y), f, and ¢ are twice
differentiable; furthermore ¢ is convex.
Define F(x,y) = S(x,y) + f(x,y)

11



Algorithmic Background

Trust region methods for grey-box MINLP

Subproblem trust region and constraint

© center (xK, y¥): select from the previous iterate.

@ trust region for x: a ball centered at x* (normally) in I, i.e
TR is a box [x,X].

© trust region subproblem constraint for y: local branching
constraint to limit the number of flips in binary variables

ZyJ—FZI—yJ k.

{j: yf=0} {:yf=1}

12



Algorithmic Background

Trust region methods for grey-box MINLP

Model for f

@ multivariate Taylor series approximation truncated at degree 1
or 2.

@ can be written in the form

1
fM(va) = a+bTX+CTy+§(X7y)TQ(X7y)‘

Model for S

@ linear or quadratic function

2]

1
Smlxy) =a+BTx+9Ty + 2 (xy) T (xy).

© found by regression or interpolation.

13



Algorithmic Background

Trust region methods for grey-box MINLP

Putting it all together:the overall trust region subproblem
TI}E] SM(X7y) + fM(X7y)
subject to

p(x,y) < 0
Ax+ By < b

xe [xhxYIn[x %]
ye {0,1}9

Yooyt D -y < k

Uiy=0) (=1

14



Algorithmic Background

Global Convergence

For simplicity of explanation | will assume that the constraints

P(x,y) <0
Ax+ By <b

are absent.

15
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We first need to define a modified version of the Cauchy step.
Since we have a mixture of discrete and continuous variables we
consider such a direction for fixed discrete variables.

Thus, we define the modified Cauchy step s, for fixed y

vC ;
tk - argmIntZO:xk—tngB(xk;y;Ak)ﬁ[xL,xU] mk(Xk - tgkvy)a

where B(xk; y; Ak) is the trust region, for fixed y and my(xk, y) is
the current model for f 4 (xk,y) + S.u(xk, y)
whose gradient with respect to x is gk = Vxmk(xk, y)-
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Global Convergence: Special Issues

We define our fully linear or fully quadratic models in x and y, as if
the y are relaxed.

The Algorithm and theory are developed for fixed y.

But when we solve the trust region subproblem for y not fixed we
solve it as a mixed integer problem.

So eventually we have the correct y and the correct (local)
solution.

But note that we may need an additional evaluation of truth

and generally constraints are included in the subproblem and
Cauchy point definition
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Algorithmic Background

The Algorithm —1°t order version

Step 0: |n|t|a||zat|0n. Choose a FL class of models and a corresponding MIA. Choose xp, yo

(feasible) and Apmax, A{)d’ € (0, Amax), and a initial model m6Cb. and the constants 7,
M1, Y+ Yine: €cr By i, and w with 0 < mg < mp < 1 (withmy #0), 0 < v < 1 < e,

€ >0, >8>0 andw € (0,1). Set k =0.

Step 1: Cr|t|ca||ty test. If Hgll("'i"CH > €c then my = mffb and Ay = A'ka.
Otherwise call the MIA to certify m;fb is FL on B(xx; y; A’,-fb).

If g,:ﬂ'mc < €c and at least one of

@ the model m;fb is not certifiably FL on B(x;y; A;fb),
@ AP > ullg "™ Il

holds then apply a criticality step algorithm to construct a model that is FL on a suitably
small region, the ball B(xk;y; Ag), for some Ay € (0, p||gk]l]

Otherwise set my = mjfb and Ay = Afb.

Step 2: Step calculation. Choose a step s that (sufficiently)
reduces the model my(x, y) (approximate CP) such
that xx + sk € Bi(xk; y; Ak).

17



Algorithmic Background

The Algorithm (continued)

Step 3: Acceptance of the trial point. Compute F(xx + sk, y)
F(Xk’y)_F(Xk+sk7y)

mi(xk,y ) —miu(x+sk,y)

If px > m1 or px > mo and my is FL on B(xk; y; A),

then xx4+1 = Xk + Sk, and the model is updated;

otherwise the model and the iterate remain
unchanged.

and py =

Step 4: Model improvement. If py < m1 use MIA to

@ attempt to certify that my is FL on
B(xx; yi Ax),

o if such a certificate is not obtained, we say that
my is not certifiably FL and make one or more
suitable improvement steps.

Define mic?; to be the (possibly improved) model.

18



Algorithmic Background

The Algorithm (continued)

Step 5: Possible second step calculation. As long as xx11 7# Xk
choose a step 3 that (sufficiently) reduces the model
my(xk+1,y) such that xei1 + Sk € Bi(xk; y; Ak).
Note y is not fixed, 5; are the x-components of 5
Set (Xk-&-lv)/) = (ka)/) + Sk

Step 6: Trust-region radius update. Set

[Aka min{'YincAka Amax}] if Pk > m,
{vAk} if px <m and my is FL,
{Ax} if px <m and my

is not certifiably fully linear.

icb
Al e

Increment k by one and go to Step 1.
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The Algorithm (continued)

Step 5: Possible second step calculation. As long as xx11 7# Xk
choose a step 3 that (sufficiently) reduces the model
my(xk+1,y) such that xei1 + Sk € Bi(xk; y; Ak).
Note y is not fixed, 5; are the x-components of 5
Set (Xk-&-lv)/) = (ka)/) + Sk

Step 6: Trust-region radius update. Set

[Aka min{'YincAka Amax}] if Pk > m,
{vAk} if px <m and my is FL,
{Ax} if px <m and my

is not certifiably fully linear.

icb
Al e

Increment k by one and go to Step 1.

Note: the model-improvement algorithm to improve the model
until it is fully linear on the required TR can be done in a finite,

uniformly bounded number of steps .
10
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Algorithmic Background

Step 3 Outcome

©Q px > m Successful iteration. Ag 1 > Ay

@ m1 > pkx > mo and my is FL. Acceptable iteration.
A1 < Dy

NB There are no acceptable iterations if 779 = 11 € (0, 1)

© 11 > pk, mk not certifiably FL. Model must be improved.
iteration. So Ay and x, not changed

Q px <mnoand my is FL. Agy1 < Ak and xeq1 = Xk
Unsuccessful iteration.
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Salient points

In general terms the basis for convergence is:

© Do at least as well as (a fixed fraction of ) the Cauchy point.
(the minimum of the model in the " steepest descent”
direction within the TR)

@ Manage the size of the TR (Delta) appropriately
© Have consistency between F and m

o 3

© Solve the subproblem (now the y is not fixed) using, for
example bonmin, its solution will be guaranteed to be better
than the value for the Cauchy point for the fixed y.
Iterating, eventually will have the right y and converge to the
solution!

21



Algorithmic Background

Numerical Results
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